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Module 1 
--
STUDY GUIDE 
PLANAR MOTION 
INTRODUCTION 
Enough of this physics where things move along straight lines only! We know 
that most interesting real-life motions involve curves of many and varied 
shapes. This module "extends your understanding of kinematics from one dimens-
ion to two dimensions. To accomplish this, you will combine your knowledge of 
calculus and vectors with concepts like position, displacement, velocity, speed, 
and accelerati~n. 
Two important applications that will be utilized many times in later modules 
are covered here. First is the motion of a particle experiencing constant 
acceleration, e.g., a baseball in flight. Second is the motion of a particle 
in a circular path with a constant speed, e.g., an earth s~tellite in circular 
orbit . 
PREREQUISITES 
Before you begin this module, 
you should be able to: 
*Use vector algebra in the following operations 
(needed for Objectives 1 through 5 of this 
module): 
Addition 
Multiplication by a scalar 
Unit vectors 
Magnitude of a vector 
Scalar product 
*Differentiate polynomial, sine, and cosine 
functions (needed for Objectives 2, 4, and 5 
of this module) 
*Use the chain rule for derivatives (needed for 
Objectives 2, 4, and 5 of this module) 
*Solve kinematics problems in one dimension 
(needed for Objectives 1 through 5 of this 
module) 
*Compute angles in radians (needed for Objectives 
1, 2, 4, and 5 of this module) 
Location of 
Prerequisite Content 
Dimensions 
and 
Vector 
Addition 
Module 
Calculus 
Review 
Calculus 
Review 
Rect i1 i near 
Motion 
Module 
Trigonometry 
Review 
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LEARNING OBJECTIVES 
After you have mastered the content of this module, you will be able to: 
1. Graphing the trajectory - Given a particle's time-dependent position vector 
t(t) = x(t)1 + y(t)j, draw its path in the plane. 
2. Velocity, speed, and acceleration - Given t(t), calculate velocity vet), 
speed vet), and acceleration aCt). 
3. Interpreting velocity and acceleration - Given a particle's position r, 
velocity V, and acceleration a at a specified time, determine whether at 
this instant: 
(a) its distance from the origin is increasing, decreasing, or not 
(b) 
(c) 
(d) 
changing; 
+ . . 
r , s turnl ng 
its speed is 
v is turning 
clockwise, counterclockwise, or not turning; 
increasing, decreasing, or not changing; 
clockwise, counterclockwise, or not turning. 
4. Projectiles - Given that a particle moves with constant acceleration in 
two dimensions, solve problems involving position, velocity, acceleration, 
and time. 
5. Uniform circular motion - Given that a particle moves in a circular path 
at a constant speed, solve problems involving position, velocity, accel-
eration, and time. 
GENERAL COMMENTS 
. This study guide may be different from others in that a large portion of your 
studying will be done in the Problem Set. Each of the objectives is discussed 
in some detail in the 14 problems. Seven of these problems develop the basic 
ideas and present detailed solutions to typical problems. The remaining seven 
represent challenges for your attention. 
Your text will be used to provide supplementary readings and problems. If you 
have a calculus text, you will also find it helpful. 
i 
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TEXT: Frederick J. Bueche, Introduction and En 9 i nee rs (McG raw -Hi 1';-1 ;..;.., ~N;'""'e;";"w"":Y:';-'o-'rT-k;";", -:r:::~t"'-'-~.::-..;.r=-.--ri-i;"";=~~';:"""";~ 
SUGGESTED STUDY PROCEDURE 
i Your primary reading for this module will be Sections 4.1,4.2, and 4.8 of 
Chapter 4 and Section 10.6 of Chapter 10. For Objective 1, first study Prob-
lem A and the material preceding it. then work Problem H. Next review the 
definitions of velocity and acceleration in Sections 4.1 and 4.2 of the text 
(for Objective 2: calculating velocity, speed, and acceleration in two dimen-
sions). Study Problems Band C, with their explanatory material, before 
working Problems I and J. Then study the section Interpreting Velocity and 
Acceleration and Problem D. Read Section 4.8 of the text before studying 
Problems E and F and working Problem K. Next study Problem G, with its pre-
liminary material, before working Problems L, M, and N. 
Study the text, Chapter 10, Section 10.6 and the first two paragraphs of 
Section 10.7. Don't let angular speed w scare you. It's just the rate (in 
radians per second) at which the angle e of Figure 10.7 is changing. You 
have already seen w in Problem G. Do the Practice Test before attempting 
the Mastery Test. 
BUECHE 
Problems with Assigned Problems 
Solutions 
Objective Readings Study Study Additional 
Number Guide Guide Text Problems 
A H 
2 Sec. 4.1 B, C I, J 
Sec. 4.2 
3 D D 
4 Sec. 4.8 E, F K Chap. 4: Chap. 4: 
Problem Problems 
17 19,21,25 
5 Sec. 10.6 G L, M, N 
I 
\ 
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TEXT: David Halliday and Robert Resnick, Fundamentals of Physics (Wiley, 
New York, 1970; revised printing, 1974) 
SUGGESTED STUDY PROCEDURES 
Study Trajectories and Problem A before working Problem H. Then study the text, 
Chapter 3, Sections 3-3, 3-4, 3-6 and Chapter 4, Section 4-1, along with the 
sections Velocity and Speed and Acceleration of this module. Study Problems B 
and C and work Problems I and J for Objective 2. Read Interpreting Velocity and 
Acceleration before working through Problem D. 
For Objectives 4 and 5, study Sections 4-2 to 4-4 of the text, and Problems E, 
F, and G of the module along with their preliminary material. Then work Problems 
K through N along with Problems 37 and 39 in Chapter 4 of the text. Do the 
Practice Test before attempting the Mastery Test. 
Objective 
Number 
1 
2 
3 
4 
5 
Readings 
Sees. 3-3, 
3-4, 3-6, 
4-1 
Sees. 4-2, 
4-3 
Sec. 4-4 
HALLIDAY AND RESNICK 
Problems with 
Solutions 
Study 
Guide 
A 
B, C 
D 
E, F 
G 
Assigned Problems 
Study Additiona 1 
Guide Text Problems 
H 
I, J Chap. 4: Prob-
1 ems 3, 5 
D 
K Chap. 4: Prob-
1 ems 9, 11, 
13 
L, M, N Chap. 4: 
Problems 
37, 39 
\ 
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TEXT: Francis Weston Sears and Mark W. Zemansky, University Physics (Addison-
Wesley, Reading, Massachusetts, 1970), fourth edition 
SUGGESTED STUDY PROCEDURE 
Study Trajectories and Problem A and work Problem H. Then study the text, 
Chapter 6, Sections 6-1 through 6-3, and Problems Band C along with their 
accompanying material, before working Problems I and J. Study Problem D. 
Next study the text, Section 6-5, and Problems E and F (Objective 4) before 
working Problems 6-1 and 6-3 of the text, Problem K of this module. Read 
Section 6-6 and study Uniform Circular Motion and Problem G before working 
Problems 6-27 and L to N. 
Try the Practice Test before doing the Mastery Test. 
SEARS AND ZEMANSKY 
Problems with Assigned Problems 
Solutions 
Objective Study Study 
Number Readings Guide Guide Text 
1 A H 
2 Secs.6-1, B, C I, J 
6-2, 6-3 
3 D D 
4 Sec. 6-5 E, F K 6-1, 6-3 
5 Sec. 6-6 G L, M, N 6-27 
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TEXT: Richard T. Weidner and Robert L. Sells, Elementary Classical Physics 
(Allyn and Bacon, Boston, 1973), second edition, Vol 1 
SUGGESTED STUDY PROCEDURE 
Study Trajectories and Problem A and work Problem H. Then read the text, 
Chapter 4, Section 4-1, and study Problems Band C before working Problems 
I and J. Next study Interpreting Velocity and Acceleration and work through 
Problem D. Then read Sections 4-2 and 4-3 and study Motion with Constant Ac-
celeration: Projectiles with Problems E and F before working Problems 4-7, 
4-9 (text) and K on your own. Read Section 4-4 (text) and study Problem G 
with its discussion before working Problems L, M, N, and 4-23 of the text. 
Try the Practice Test before working the Mastery Test. 
WEIDNER AND SELLS 
Problems with Assigned Problems 
Solutions 
Objective Study Study 
Number Readings Guide Guide Text 
1 A H 
2 Sec. 4-1 B, C I, J 
3 D D 
4 Secs. 4-2, E, F K 4-7, 4-9 
4-3 
5 Sec. 4-4 G L, M, N 4-23 
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PROBLEM SET WITH SOLUTIONS 
Trajectories 
As a particle moves in a plane it traces out a curve, or path. A knowledge of 
this path and of the time at which the particle passed through each point con-
stitutes a knowledge of the particle's trajectory. 
At each instant the particle's position is specified by its position vector: 
4 
-+ A A 
r = xi + yj. (1) 
-+ As the particle moves x, y, and r change. This time dependence is emphasized 
by writing Eq. (1) as 
A A 
r(t) = x(t)1 + y(t)j. (2) 
A vector equation such as (2) is a compact method for representing a trajectory 
in two dimensions. 
A(l). A particle's position is given by 
-+ "A 
r(t) = [(6-t2 )i + (2t)j] m, 
where t is measured in seconds. 
(a) Draw the particle's trajectory for -1 ~ t ~ 3 s. 
(b) Calculate the particle's distance from the origin 
(c) Determine the particle's distance from the origin 
at t = 2 s. 
as a function of time. 
Solution 
y(~) ---------------
(a) First evaluate r for 
t = -1 -+ (5i -2j) s, r = m, 
-+ 
A 
t = 0, r = (6;) m, 
t = 1 -+ (5i+2j) s, r = m, 
t = 2 -+ (2i+4j) s, r = m, 
t = 3 -+ (-3i+6j) m; )(W s, r = 
-1,-
Plot these vectors and connect their tips by a smooth curve. The arrow along the 
path between t = 1 sand t = 2 s is used to indicate the direction of motion 
along the path. 
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(b) The distance from the origin to the particle at t = 2 s is just the magni-
tude of t at this time. Thus, 
r = 122 + 42 = 215 m. 
(c) At any time t the distance from the origin to the particle is 
r(t) = /(6-tZ)Z + (2t)Z = /36-8tz+t4 m. 
Velocity and Speed 
The velocity V for a particle is defined as the time derivative of the particle's 
position vector, that is, 
-+- -+-
v = dr/dt. 
If r is written in component form, i.e., 
then 
so that 
-+- " " 
r = xi + yj, 
" A V = (dx/dt)i + (dy/dt)j, 
v = dx/dt, x Vy = dy/dt. 
(3) 
(4) 
(5) 
The particle's speed v at any instant is defined as the magnitude of its velocity 
at that time, 
V =/vz + v2 X y' (6) 
Speed, a scalar quantity, measures the time rate of change of distance traveled 
by the particle. 
At each instant the velocity vector (if drawn with its initial point on the par-
ticle) is tangential to the particle's path. Thus, the magnitude of the velocity 
indicates "how fast" the particle is moving, whereas its direction points in the 
direction of motion of the particle. 
B(21. For 
-+- A A 
ret) = [(6-t2 )i + (2t)j] m, 
as in Problem A, 
(a) determine the velocity and speed as functions ~f time; 
(b) draw the trajectory for -1 ~ t ~ 3 s and show v at t = 0 and t = 2 s. 
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Solution 
(a) From the definition of velocity, 
" " 
vet) = dt/dt = (-2ti + 2j) m/s; 
and thus the speed is 
vet) = 1(-2t)2 + 22 m/s = 2/t2 + 1 m/s. 
(b) The trajectory was drawn in 
Problem A. Now 
-+ " 
v ( 0) = 2j m/ s , 
-+ "" 
v(2 s) = (-4i + 2j) m/s. 
tern) 
... 
____ ~to) (Notice that the velocity vectors 
are tangential to the path.) -of-+-+-+-+--t-+--t--+-+-~ Jt (m ) 
Acceleration 
The acceleration t for a particle. is defined as the time derivative of the 
particleis velocity, i.e., 
-+ -+ a = dv/dt. 
If V is written in component form: 
~ ~ A 
V = V , + v j, x y 
then 
so that 
\ C(2). For 
t(t) " " = [(6-t2 )i + (2t)j] m, 
as in Problems A and B, determine aCt), ax(t), ay(t). 
6 
(7) 
(8) 
(9) 
\ , 
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Solution 
From Problem B, 
v(t) A A = (-2ti + 2j) mis, 
so that 
a(t) = dv/dt = (-21) m/s2. 
Hence 
and 
Interpreting Velocity and Acceleration 
Remember that the velocity is defined as the time derivative of position. Since 
position is a vector, it may change by changing magnitude only, by changing di-
rection only, or by changing both magnitude and direction. If the position vec-
tor changes its magnitude only, then the velocity vector is parallel to~. If 
1 changes direction only, then v is perpendicular to t. Examples are shown be-
low. 
t increasing in length but not 
changing direction. 
t turning clockwise but not 
changing length. 
t decreasing in length 
but not changing direction. 
t turning counterclockwise but 
not changing length. 
If t is both changing in magnitude and turning, then v will have components par-
allel to t and perpendicular to t. Examples are shown below. 
I 
I" 
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r increasing in length and 
turning clockwise. 
r decreasing in length and 
turning counterclockwise. 
Since acceleration is obtained from velocity in precisely the same manner that 
velocity is determined from position. similar conclusions can be deduced about 
V from a knowledge of!. Examples are shown below. 
Speed increasing, v turning 
counterclockwise. 
Speed decreasing, v turning 
clockwise. 
0(3). At a certain instant a particle's position. velocity. and accelera-
tion are 
(a) 
(b) 
(c) 
(d) 
Solution 
-+ ~ 
r = 4i m. 
~ ~ v = (-2i + 3j) m/s. -+ ~ ~ a = (6i + 4j) m/s 2 • 
Is the distance from the origin to the particle increasing. de-
creasing. or not changing at this time? 
How is r turning at this instant? 
Is the particle's speed increasing. decreasing, or not changing 
at this instant? 
How is v turning at this instant? 
(a) Decreasing; 
(b) counterclockwise; 
(c) not changing (s1nc~ ; is perncndicular to t); 
(d) clockwise. 
8 
i, 
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~otion with Constant Acceleration: Projectiles 
Suppose an object is known to move with a constant acceleration a. Then 
-+ -+ dv/dt = a = const; (10) 
and, just as with rectilinear motion, 
-+ -+ -+ 
v(t) = va + at (a = const), (11 ) 
where 
tion 
V is the velocity at time t and va is the velocity 
for velocity is given graphical display below. 
at t = O. This equa-
-;-l 
As t increases the at term increases proportionately in magnitude without 
changing direction. 
The position vector is obtained from 
-+ -+ -+ -+ dr/dt = v = va + at. 
Again, just as in rectilinear motion, 
-+ -+ -+ -+ 
r(t) = ra + vat + (1/2)at2 -+ (a = const), 
where; is the position vector at time t and ;a is the position at t = O. 
This equation is also graphically displayed below . 
... 
»t 
1. 
(12 ) 
(13 ) 
A word of caution is in order here. Equations (11) and (13) for v(t) and ;(t) 
were obtained from an assumption of constant acceleration and should be used 
only in such a circumstance. 
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Perhaps the most familiar constant-acceleration phenomenon is that of a body in 
free fall near the earth's surface. If air resistance and other small effects 
are neglected, such an object moves with the downward acceleration 
+ ~ 
a = -g J, 
~ 
where g = 9.8 m/s2 and j is a unit vector pointing vertically upward. 
E(4). A ball is projected from ground level above flat land with an initial 
velocity Vo = v
ox
1 + vOy3 where vox = 30.0 mls and VOy = 50 m/s. Assuming 
that t = 0 at t = 0, determine 
(a) its velocity v(t), 
(b) its position l(t). 
Solution 
(a) Since! (ax = 0, ay = -g) is constant, 
A 
+ + + ~ ~ 
v = Vo + at = vOx' + VOyJ + (-gj)t 
~ A 
= vOxi + (vOy - gt)j. 
Substituting numerical values: 
v = [30.01 + (50 - 9.8t)]] m/s. 
(b) Again, since a is constant, 
+ + + (1/2) +at2 r = rO + vot + 
~ A ~ ~ ~ 
= (xoi + yoj) + (vOxi + voyj)t + (1/2)(-gj)t 2 
~ A 
= (xo + vOxt)i + [Yo + Vqyt - (1/2)gt2]j. 
Substituting numerical values, we find 
t = [(30.0t}i + (SOt - 4.9t2 )3] m. 
Comment. + + From the equations for v and r, 
Vx = vax = 30.0 mIs, x = Xo + vax = (30.0t) m. 
Since the acceleration has a zero x component, the x coordinate is identical to 
that of a particle moving along the x axis with a constant speed of 30 m/s. Now 
+ + 
consider the y components of v and r: 
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Vy = VOy - gt = (50 - 9.at) mis, 
y = YO + VOyt - (1/2)gt2 = (50t - 4.9t2 ) m. 
Not surprisingly the y coordinate is identical to that of a particle projected 
vertically with an initial speed of 50 m/s. 
F(4). For the ball of Problem E, 
(a) draw its flight oath; 
(b) determine its maximum height; 
(c) determine its horizontal range (the distance between the origin and 
the point where the ball returns to its original height). 
Solution 
(a) From the previous problem, 
ret) = [(30.0t)1 + (50t - 4.9t2 )j] m. 
-+ Evaluate r for integral values of t ~ 0, e.g., 
r(1.00 s) 
r(lO.O s) 
Graphing these gives 
100 
A A A A 
= 30.0i + (50 - 4.9)j = (30.0i + 45.lj)m 
A A" A 
= 300i + (500 - 490)j = (300i + 10j) m. 
5S 
~~~~~~--+-~-+~~+-~~--~4--+~~~~(M\ 
10. ~oo Joo 
(b) From the graph the maximum height is apparently near 130 m. To determine 
this value accurately, use the fact that at the point of maximum height, the y 
component of the velocity is necessarily zero: 
STUDY GUIDE: Planar ~1oti()n 
Thus the time tmax for this maximum height is 
_ ~ _ 50 m/s _ 
tmax - 9 - 9.8 m/s2 - 5.1 s. 
12 
The maximum height is obtained by substituting this value for t into the expres-
sion for y, i.e., 
v6 1 [V J2 i 
Y - v t 1 gt2 = ~ - - g ~ = ~ max - Oy max - 2 max g 2 g 2g . 
Substituting numerical values gives 
_ 502 m2/s 2 
Ymax - 2(9.8) m/s2 = 128 m. 
(c) The horizontal range is just the x coordinate when the ball returns to 
its initial height. From the graph this distance is apparently slightly greater 
than 300 m. To determine this value more accurately, first determine the time 
tR when the ball strikes the ground: 
2 y = 0 = VOytR - (1/2)gtR = tR[vOY - (1/2)gtR]· 
Of the two solutions to this quadratic equation, the solution tR = 0 is dis-
carded (why?), and thus 
tR = 2vOy/ g • 
(Notice that this time of flight is exactly twice the time to achieve the maxi-
mum height.) The horizontal range R is obtained by substituting tR into the x 
equation: 
2v v R = v t = Ox Oy = 2(30.0 m/s)~50 m/s) = 310 m. 
Ox R g 9.8 m/s 
Uniform Circular r,1otion 
First look back over your solutions of Problems H, I, and J. In these problems 
you considered the trajectory given by 
t(t) = 2[cos (~t/4)i + sin (~t/4)j] m. 
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In Problem H you might have noted that this trajectory is a circle of radius 2 m 
centered on the origin. Problem I revealed that the speed is constant and equal 
to (~/2) m/s. Finally, in Problem J you found that the acceleration is constant 
in magnitude [(~2/8) m/s2] and always opposite to t, i.e., a always pOints toward 
the center of the circle for uniform circular y 
motion. This situation is depicted in the di-
agram at the right. 
As you might guess, circular motion 
stant speed can be described by 
t(t} = R[(cos wt}1 + (sin wt}j], 
where Rand ware constants. 
at a con-
G(5). Using this expression for t(t}, show that 
(a) r(t) = R (constant); 
(b) v(t} = wR[-(sin wt)1 + (cos wt}j]; 
(c) v(t) 
(d) a(t) 
(e) a(t} 
Solution 
(a) Since 
= wR (constant); 
A A 
= -w2R[(cos wt}i + (sin wt)j] 
= +w2R = v2/R (constant). 
t(t} = I{R cos wt)2 + (R sin wt)2 = R, 
R (the magnitude of t) = radius of circle. 
(b) v(t) = dt/dt 
" / 
-
/ 
I 
I 
I 
\ 
, 
\ 
A 
I 
, / 
" , ...... -.",.,./ 
= R[(d/dt)(cos wt)i + (d/dt}(sin wt)j] 
A A 
= wR[(-sin wt)i + (cos wt}j]. 
[Don't forget the chain rule, i.e., df(u)/dx = (df/du)(du/dx).] 
(c) v(t) = l(wR sin wt)2 + (wR cos wt)2 = wR. 
Thus, the particle's speed is constant and w = viR. 
I 
! 
\ 
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(d) a(t) = dV/dt 
A A 
= wR[-(d/dt)(sin wt)i + (d/dt)(cos wt)j] 
A .-
= -w 2R[(cos wt)i + (sin wt)j] 
= -w2r(t). 
Thus a is at all times opposite to r; and therefore, if drawn starting on the 
particle, it always points toward the center of the circle. 
(e) a(t) = l{w2R cos wt)2 + (w2R sin wt)2 = w2 R = v2/R. 
In summary, if a particle moves in a circular path of radius R at a constant 
speed v, its acceleration is radially inward and of magnitude v2/R. This ac-
celeration is usually called centripetal acceleration. 
PROBLE~1S 
H( 1). Draw the 
(a) 
(b) 
~ 
r = 
~ 
r = 
paths for each of the following trajectories: 
A A (t2 i + 2tj) m, -1 ~ t ~ 2 s; 
[2 cos (~t/4)i + 2 sin (~t/4)j] m, 0 ~ t ~ 4 s. 
1(2). (a) Determine v(t) and v(t) for 
ret) = [2 cos (~t/4)i + 2 sin (~t/4)j] m. 
Hint: Qon't forget that d(cos wt)/dt = -w sin wt if w is constant. 
Similarly d(sin wt)/dt = w cos wt. 
(b) Hhat is the significance of the result for v(t)? 
J(2). Using the position function 
r(t) = [2 cos (~t/4)i + 2 sin (~t/4)jJ m, 
14 
determine a(t), a(t), ax(t), a "(t). Show that for this motion the acceler-
ation vector always points in {he opposite direction to the position vector. 
K(4). A cannon with a muzzle speed of 800 m/s fires at a target at a horizontal 
distance of 30 000 m. What initial angles of elevation will ensure success? 
Sketch the two paths. Hint: 2 sin e cos e = sin 2e. 
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L(S). Write an equation for a counterclockwise circular trajectory such that the 
radius is 1.S m and the speed is 6 m/s. Let (x,y) = (l.S m,O) at t = 0. 
Determine the magnitude of the centripetal acceleration. 
r1(S). Consider the trajectory 
r(t) = 1.S[(-sin 4t)i + (cos 4t)j] m. 
Show that this is circular motion at a constant speed. Determine r, v, 
and a. How is this trajectory different from that of Problem L? 
N(S). Consider the trajectory 
-+- "" 
r{t) = l.S[(cos 4t)i - (sin 4t)j] m. 
How is it different from those of Problems L and ~? 
Solutions 
H(l) . 
(a) 
I (2) • 
(b) 
-+-
v{t) " " = {TI/2)[-sin (TIt/4)i + cos (TIt/4)j] mis, 
v{t) = (TI/2) mis, 
i.e., the speed is constant, but the velocity is not (why?). 
i 
\ 
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J(2). l = -(TI2/B)[cos (rrt/4)' + sin (TIt/4)3J m/s2, 
a = (TI 2/B) m/s2, 
a = -(TI2/B) cos (rrt/4) m/s2, x 
ay = -(TI2/B) sin (rrt/4) m/s2. 
Since a = -(TI2/16)~, a always points in the opposite direction to t. 
~ A 
L(5). ret) = 1.S[(cos 4t)i + (sin 4t)j] m, 
a = 24 m/s2. 
M(S). r = 1.S m, v = 6 mIs, a = 24 m/s2. 
16 
A 
ProblemAL1s trajectory has t = 0 displacement of 1.Si m, but for this trajectory 
r = 1. Sj m at t = O. Thus the ~1 trajectory is lIone-quarter of a 1 apll ahead of 
the L trajectory. 
N(S). The radius, speed, and acceleration (magnitude) are the same, but the par-
ticle starts at t = 0 at f = (1.5i) m and moves clockwise rather than counter-
clockwise as in Land M. 
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PRACTICE TEST 
1. Draw the trajectory 
A A 
t(t) = [ti + 2 sin (rrt/2)j]m 
for 0 ~ t ~ 2 s. 
2. Determine the velocity, accelera-
tion, and speed at t = 1 s for 
the trajectory of Problem 1. 
'Ie ""\ 
~ 
, 
... 
, 
+ A A + A A + A 2 
3. At an instant ~hen r = (2i + 3j) m, v = (6i - 4j) mis, a = 6j m/s : 
(a) How is t changing (magnitude and direction)? 
(b) How is v changing (magnitude and direction)? 
4. A ball is thrown from the cliff as 
shown. If Vo = 20.0 mis, e = 30.0°, 
and h = 40 m, 
(a) When does the ball strike the 
ground? 
(b) Calculate R. 
I , I' 
... I 
I' 
k~ 
-- .... , 
, , , , 
R 
, 
5, Write an equation for a constant-speed circular trajectory such that 
(a) the centripetal acceleration has a magnitude of 32.0 m/s2; 
(b) the motion is clockwise; and 
+ A (c) at t = 0, v = 4.0j mis, 
'W [f(lO'S u~s) + ~(+O'S SO~)-J(Z/L) = (l)i 'S 
v v 
'W OL (q) ·s L'v (e) 'v 
'as~M~~oL~JalUnO~ 6u~uJnl ! '6u~seaJ~ap A (q) 
'as ~M~~O LJ 6u ~uJnl i '6u ~6ue4~ lOU J (e) . £ 
(s L) e 
+ 
's/W L 
's/w ~ 
v 
= (s L)A 
= (s L)A 'Z 
+ 
17 
, 
, 
, 
, 
~I 
PLANAR MOTION 
Mastery Test 
Name 
Form A 
Tutor 
pass recycle 
1 2 3 4 5 
---------------------------- --------------------------
1. Draw the path 'f(~) 
+ ~ ~ 
r(t) = [(4t/ TI )i + (2 sin t)j] m 
for 0 ~ t ~ 1T s. 
2. Determine the particle's ac-
celeration at t = (TI/2) s 
(for Problem 1). 
+ 3. At an instant when r = 4j m, 
+ A ~ + A A 
V = (2i - 3j) mis, a= (-4i + 6j) m/s2: 
~'" 
+ (a) How is r changing (magnitude and direction)? 
+ (b) How is v changing (maqnitude and direction)? 
4. A thrown rock follows the trajectory shown. 
Determine the initial speed vo if R = 50 m. 
5. Consider the circular trajectory 
+ A A 
r(t) = 2.00[(sin 6.0t)i + (cos 6.0t)j] m. 
Determine 
(a) the radius, 
(b) the speed, 
(c) the magnitude of the centripetal acceleration, 
.. 
.. 
R " 1 '---____ '_'..11.' _ 
r-R-----.t 
(d) the direction of motion (clockwise or counterclockwise). 
Date 
------------------
PLANAR MOTION 
Mastery Test 
Name 
Form B 
Tutor 
Pass 
2 
Recycle 
345 
----------------------------- --------------------------
1. Draw the path 
~(t) = [(1/2)t3i + t 2j] m 
for -1 ~ t ~ 2 s. 
2. For the trajectory of Problem 1, 
determine the speed at t = 1 s. 
3. At an instant when r = (-21 + 43) m, 
v = 2i mis, a = 63 m/s2; 
(a) How is r changing (magnitude and direction)? 
(b) How is v changing (magnitude and direction)? 
4. A ball is thrown with an initial speed of 30.0 m/s at an angle of 60° above 
the horizontal. 
(a) What is its acceleration when it reaches its maximum height? 
(b) How far (distance) is the ball from the release point 3.00 s after 
relp.ase? 
5. Consider the circular trajectory 
r(t) = 0.240[(sin 5.0t)i - (cos 5.0t)j] m. 
Determine 
(a) the radius, 
(b) the speed, 
(c) the magnitude of the centripetal acceleration, 
(d) the direction of motion (clockwise or counterclockwise). 
It 
PLANAR '10TION Pass Recycle 
Mastery Test Form C 2 3 4 S 
Name Tutor 
----------------------------- -----------------------------
1. Draw the path 
" " t(t) = [4 cos (nt/4)i + 2tj] m 
for 0 < t < 2 s. 
2. For the trajectory of Problem 1, 
determine the velocity at t = 1 s. 
3. At an instant when t = -3~ m, 
V = 23 mis, ! = (2~ - 3) m/s2; 
" 
(a) How is t changing (magnitude and direction)? 
(b) How is V changing (magnitude and direction)? 
4. A ball is thrown toward a wall as shown. Where 
will it hit if va = 20.0 m/s and R = 20.0 m? 
S. Consider the circular trajectory 
+ A A 
r(t) = 1.20[(cos lS.Ot}i - (sin lS.Ot)j] m. 
Determine 
(a) the speed, 
(b) the magnitude of the centripetal acceleration, 
(c) the direction of motion (clockwise or counterclockwise). 
, 
" 
" 
.. 
Date _______ _ 
PLANAR MOTION 
Mastery Test Form II 
pass 
1 2 
recycle 
345 
Name 
.----------------------------
Tutor ________________________ _ 
1. Draw t~e oath 
2. 
-;(t) = [(Zt/rr)'1i + (2 sin~t}j] m 
for 0 .:. t .:. ,-'). s . 
Oetermine the oartic1e ' s ac-
celeration at t = (TI/~) s 
(for Problem 1). 
+--~~--t-.-----+---+ .--- ---
3. At an instant when; =(3t+ 2))m 
+ ....,. -+ ...... ..... 
v = (2i - 3j) mis, a = ( 4i + 6j) m/s 2 : 
-+ (a) How is r changing (magnitude and direction)? 
-+ (b) How is v changing (magnitude and direction)? 
4. A thrown rock follows the trajectory shown. 
Determine the initial speed va if R = 50 m. 
5. Consider the circular trajectory 
-+ A A 
r(t} = 5.00[(sin 6.0t)i - (cos 6.0t)j] m. 
Determine 
(a) the radius, 
(b) the speed, 
(c) the magnitude of the centripetal acceleration, 
(d) the direction of motion (clockwise or counterclockwise). 
Courtesy of University of Missouri-Rolla 
--.-~ 
Date __________________ _ 
PLA~AR MOTION 
Mastery Test Form E 
Pass 
2 
Recycle 
345 
Namp. _____________________________ __ Tutor ___________________________ __ 
1. Oraw the path 
; ( t ) = [(l 12 ) t 3 i +2:1:-1' 
for -1 .:.. t .:.. 2 s. 
2. For t~e trajectory of Problem 1, 
determine the sneed at t = 1 s. 
3. At an instant \>Jhen -;: = if: m 
v = 2i mIs, a =~j m/s2; 
r-Y( "" \ 
4---+-- - - ~ f- -f---t---
+----1-- -- ~ - ---1----- --
1----1----+---- 1----- ----- ---- ---I-
+--1- ---- -----+----4-----+----4---+ 
(a) How is r chanqing (magnitude and direction)? 
(b) How is v changing (magnitude and direction)? 
4. A ball is thrown with an initial speed of 30.0 m/s at an angle ofjilo above 
the horizontal. 
(a) "'hat is its distance (x) when it reaches its maximum height? 
(b) How far (distance) is the ball from the release point 3.00 s after 
relp.ase? 
5. Consider the circular trajectory 
A A 
r(t) = 3.0 [( cos 5.0t); - (sin 5.0t)j] m. 
Determine 
(a) the radius, 
(b) the speed, 
(c) the magnitude of the centripetal acceleration, 
(d) the direction of motion (clockwise or counterclockwise). 
Courtesy of U~iv~rsitv of Missouri-Rolla 
PLMAR ~1nTln~j 
~'aster.Y Test Form F 
Date 
Pass Recycle 
2 3 4 5 
Name 
-------------------------------
Tutor ______ . ______________________ ___ 
1. Draw t~e path Y(fW\) 
r(t) = [4&:n (nt/4)i + t1.j] m ,. 
for 0 < t < 2 s. 
2. For the trajectory of Problem 1, 
determine the velocity at t = 1 s. 
3. 
4. 
5. 
At an instant when r = +3i m, 
v =.2j mis, a = (2i -33) m/s2; 
'1-----1---
(a) How is r chanqinq (maqnitude and direction)? 
(b) How is v chanqinq (magnitude and direction)? 
A cannon located on a cliff is fired at a tank as 
shown in the sketch. If R = 200 m calculate the 
¥5lgr!t~h~ft~Rf.shell leaving the cannon if it is 
Consider the circular trajectory 
r(t) = 7.0 [(cos 15.odi + (sin l5.0t)j] m. 
Determine 
of the centripetal acceleration, 
--
;.-. 
r---' 
1--- r-
(a) the speed, 
(b) the maqnitude 
(c) the direction of motion (clockwise or counterclockwise). 
Courtesy of University of Missouri-Roila 
. 
. 
\ 
PLANAR MOTI ON A-l 
~1ASTERY TEST GRADING KEY - Form A 
What To Look For 
1. Correct end points; 
correct shane. 
2. Correct answer. 
3. Correct answers. 
Ask for verbal ex-
planation of at 
least one answer. 
4. Correct answer. 
Vo in x equation, 
not in y equation. 
5. Correct answers. 
Ask for verbal ex-
planation of part 
(d) • 
Solutions 
-+ 
1. r(O) = 0, y(W\\ 
-+ "" r(~/4) = li + /:2j) m, 
-+ "" r(~/2) = (2i + 2j) m, 
-+ "" 
r( 3~ / 4) = ( 3 i + /:2j) m, 
" tt(~) = 4i m. 
2. v(t) = dtt/dt = [(4/TI)i + (2 cos t)j] mis, 
-+ -+ A 
a(t) = dv/dt = -(2 sin t)j m/s2, 
~(~/2) = -2 sin (~/2)J = -2J m/s2. 
3. (a) r (magnitude) decreasing, 
'Z -+ r turning clockwise. 
r~ (b) v (speed) decreasing, -+ v not turning. 
-+ -+ -+ -+ -+ 4. Since a = -gj is constant, r = ro + vot + (1/2)at2, 
-+" " 
where ro = Rj, Vo = voi, so x = vot and 
y = R - (1/2)gt2. When x = R, Y = 0, thus 
R = vot. 0 = R - (1/2)gt2. Eliminating t gives 
t = R/vo. R = (1/2)g(R/vo)2. Thus v6 = (gR/2), 
or Vo = )gR/2 = 16.0 mist 
5. (a) radius = r 
= ,r:-'(-2 .-0-0-s-i-n-6-.-0-t""') 2"'--'-+-(:-'"2-. 0-0-co-s-6-. 0-t-)-2--
= 2.00 m. 
-+ -+ A A (b) v = dr/dt = 12.0[(cos 6.0t)i - (sin 6.0t)j] mist 
speed = v = 1(12.0 cos 6.0t)2 + (-12.0 sin 6.0t)2 
= 12.0 mist 
(c) a = v2/r = (12.0 m/s)2/(2.00 m) = 72 m/s 2 
-+ " (d) at t = 0, r(O) = 2.00j m, 
-+ " 
v(O) = 12.0i mis, so motion 
is clockwise. 
PLANAR M(,)TION B-1 
~ASTERY TEST GRADING KEY - Form B 
\"hat to Look For 
1. Correct end 
points. Cor-
rect shape. 
2. Correct answer. 
3. Correct answers. 
Ask for verbal ex-
planation of 
part (b). 
4. Correct answers. 
You might ask student 
to explain why a ~ 0 
.Y 
when Vy = 0 in part 
(a) . 
S. Correct answers. 
As~ for verbal ex-
planation of part 
(d) . 
Solutions 
y ~ ~ 1. ~(-l) = [-(1/2)i + j] m. ~~ 
~(O) = O. 
+ ~ ~ 
r(l) = [(1/2)i + j] m. 
+ ~ ~ 
r(2) = (4i + 4j) m. 
~(3/2) = [(27/16)i + (9/4)J] m. 
~ 
~ ~ 
/rr , V 
+ ~ ~ 
2. v(t) = [(3/2)t2i + 2tj] m/s. 
speed = v(l s) = 1(9/4) + 4 = 125/4 = (S/2) m/s. 
3. (a) r (magnitude) decreasing, 
~ turning clockwise. 
(b) v not changing, 
v turning counterclockwise. 
4. (a) a = -g3 = -9.83 m/s2 at all times. 
I~ 
t~~ 
I~ 
Pf' 
(b) Since a constant, ~ = vot + (1/2)at2 (~o = 0) 
or- r(t) = (vo cos et)i + [vo sin et - (1/2)gt2]J. 
~ 
Thus r(3.00 s) = {[(30.0)(O.50)(3.00)]i 
+ [(30.0)(1.73)(3.00) - (1/2)(9.8)(9.0)]J} m 
~ ~ 
= [45i + (78 - 44)j] m 
~ ~ 
= (45i + 34j) m. 
Dis ta n c e = ;rr( 4"""S::'T)""'-2-+--r( -=-34~)""-2 = 5 6 m. 
5. (a) radius = r 
= IrT(-O -'. 2,-,,4...,..O-s--:i-n-S=-.-=0-t .... F·-+-(...-:0c-.~24-:-0:---c-os---:5-. 0-t--=)"""2 
= 0.240 m. 
A A 
(b) v(t) = 1.20 [(cos 5.0t)i + (sin 5.0t)j] m/s. 
speed = v 
= IIT"( 1--."":2-=-0 -c-o-s --=5:--. -=-0 t~)'T"2 -:"+"'( --1.-::2=0 -s-:i -n -=5=-. -=-0 t~)""'2 
= 1.20 m/s. 
(c) a = v2/r = [(1.44 m2/s2)/(0.240 m)] = 6.0 m/s2. 
+ ~ (d) ro = -0.240J, 
+ ~ Vo = 1.201 m/s. 
Thus the motion is 
counterclockwise. 
, 
PLANAR MOTION C-l 
MASTERY TEST GRADING KEY - Form C y 
What To Look For 
1. Correct end points. 
Correct shape. 
2. Correct answer. 
3. Correct answers. 
Ask for verbal ex-
planation of at 
least one part. 
4. Correct answer. 
See that initial 
velocity is re-
solved correctly 
into x and y com-
ponents. 
5. Correct answers. 
Ask for verbal ex-
planation of part 
(c) . 
4 
Solutions i"" 
'-Y"III ~ -+ ~ 1. r(O) = 4i m. 
\ , r (1) = (2/2;. + 23) m. 
-+ ~ 
r(2) = 4j m. 
2. v = dr/dt = [ -TI sin (TIt/4)1 + 2] ] m/s. 
v(l s) = [-TI sin (TI/4)1 + 23] = (-I:2TI/21 + 2.03) m/s. 
3() h · -+-+ . a r not c ang1ng, v ~ r. 
r turning clockwise. 
(b) v decreasing, 
v turning clockwise. 
4. v = v = v cos 45° = v /12 Oy Ox 0 0 . 
When will x = R? R = vOxtR = (vO/I:2)tR; tR = I:2R/vO' 
What is y at this time? 
1 2 Vo I:2R 1 2R2 y = v t - - gt = ~ -- - - g - = Oy 2 12 Vo 2 v2 
o 
= 20.0[1 - (9.Ba66o.0)] = 20.0(0.51) 
Ball hits wall 10.2 m above ground. 
nR2 R - .il..!..:-i o 
= 10.2 m. 
5. (a) v(t) = lB.O[(-sin 15.0ty1 - (cos 15.0t)j] m/s. 
speed = v 
= 1tT".( l~B""". -=-0 -s'""':i-n -:1=-=5:--. ""'0 t:-T) ..... z-+~. -r( ~lB~.~0-c-o-s-,1~5~.~Ot-:),...,.2-
= lB.O m/s. 
(b) a = v2/r = (324 m2/s 2)/1.20 m = 270 m/s2. 
-+ ~ (c) ro = 1.20i m, 
-+ ~ 
Vo = -lB. OJ m/ s . 
Motion is clockwise. 
